We want to find indications that magnetic monopoles in quantum chromodynamics (QCD) exist; therefore, we introduce a monopole and anti-monopole pair in the QCD vacuum of the quenched SU(3) by applying the monopole creation operator on the vacuum. We investigate the catalytic effects of monopoles on chiral symmetry breaking using the Dirac operator of the overlap fermions that preserves the chiral symmetry in the lattice gauge theory. First, we confirm that the eigenstate of the monopole creation operator becomes the coherent state and that the monopole creation operator makes monopoles and anti-monopoles in the QCD vacuum. We have found the catalytic effects of monopoles on observables by varying the values of the magnetic charges of the additional monopole and anti-monopole as follows: (i) The decay constants of the pseudoscalar increase. (ii) The values of the chiral condensate, defined as a negative number, decrease. (iii) The light quarks and the pseudoscalar mesons become heavy. The catalytic effects of monopoles on the partial decay width and the lifetime of the charged pion are estimated using the numerical results of the pion decay constant and the pion mass. (iv) The decay width of the charged pion becomes wider than the experimental result, and the lifetime of the charged pion becomes shorter than the experimental result. These are the catalytic effects of monopoles in QCD, which we find in this research.
I. INTRODUCTION
Illuminating upon the mechanism of colour confinement is one of the most important research areas in mathematics and physics [1] . A particle that possesses a single-colour charge, for example, a single quark or gluon, has never been observed experimentally. We have only experimentally observed mesons and baryons of colour singlets. Why we cannot observe particles of single-colour charge has not yet been determined.
To explain this phenomenon, a convincing explanation that a magnetic monopole condensing in the QCD vacuum causes the dual Meissner effect and that colour charged particles are confined has been given by 'tHooft [2] and Mandelstam [3] . A significant number of simulations have been conducted under lattice gauge theory, and sufficient results supporting this explanation have been obtained [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . It seems that this scenario has become widely accepted.
In the Grand Unified Theory (GUT), the existence of a magnetic monopole, the 'tHooft-Polyakov monopole [21, 22] in the early universe, is necessarily derived. The catalytic effect that the presence of magnetic monopoles induces proton decay is theoretically expected, and moreover, the close relation between quarks and magnetic monopoles has been mentioned [23] [24] [25] [26] [27] . The 'tHooft-Polyakov monopole possesses a superheavy mass [28] . It is difficult to directly detect magnetic monopoles to validate the theory. Therefore, experiments attempting to observe proton decay caused by monopole catalysis have been attempted. The catalytic effects, however, have not yet been observed experimentally [29] [30] [31] .
The spontaneous breaking of chiral symmetry causes interesting phenomena in the low energy of QCD [32] [33] [34] [35] [36] [37] . Once chiral symmetry spontaneously breaks, a massless pion, * hasegawa@theor.jinr.ru which is the NG (Nambu-Goldstone) boson, appears, and the chiral condensate, which is an order parameter of chiral symmetry breaking, obtains non-zero values. The quarks obtain small masses from the non-zero values of the chiral condensate. The pion decay constant is defined as the strength of the coupling constant between the NG boson and the axial-vector current. The pion would obtain the mass by supposing a partially conserved axial current (PCAC) [38] .
It would be surprising if these phenomena were explained well by models concerning the instanton [39] [40] [41] . In particular, the models demonstrate that the chiral condensate and the pion decay constant are estimated from the instanton vacuum and that instantons induce the breaking of the chiral symmetry [42] [43] [44] [45] .
Recently, very interesting experiments that are challenging the frontiers of science have been attempted.
In condensed matter physics, a research group has generated Dirac monopoles in a Bose-Einstein condensate and observed the monopoles experimentally [46, 47] . These experimental results are also confirmed by simulations based on the model.
In the field of high-energy physics, the "Monopole and Exotics Detector at the LHC (MoEDAL)" experiment has begun. This experiment aims to explore magnetic monopoles and other highly ionizing particles, which are particles beyond the Standard Model, in proton-proton collisions at the Large Hadron Collider (LHC). The search for magnetic monopoles in high-energy collisions has already begun [48, 49] .
The purpose of this study is to present indications that the catalytic effects of magnetic monopoles can be detected by experiments to reveal the existence of magnetic monopoles in the real world.
Even if it seems that colour confinement and chiral symmetry breaking are not related, we suppose that both phenomena are closely connected to each other through the topological objects, i.e., magnetic monopoles and instantons, in the QCD vacuum. The topological objects that are inhabitants of the QCD vacuum play significant roles in the mechanism of colour confinement and the breaking of chiral symmetry.
First, we demonstrate by conducting simulations of lattice QCD that the monopole catalysis in the low energy of QCD induces the breaking of chiral symmetry though instantons.
In previous studies of lattice QCD, instantons have been found in QCD vacuums [50] , and the relations between the instantons and Abelian monopoles have been studied [51, 52] . The hadron masses were calculated from the background fields of Abelian monopoles [53] . The fermion zero modes have been derived from the background fields of the magnetic monopoles [54] [55] [56] .
In numerical calculations, however, the fermions, which do not preserve the chiral symmetry in lattice gauge theory, are mainly used in the formulation of quarks. Moreover, the quantitative relation between magnetic monopoles and instantons is not clear because monopoles are defined as threedimensional objects, whereas instantons are defined as fourdimensional objects.
In the present studies, we introduce the monopole and antimonopole into the QCD vacuum of the quenched SU(3) by applying the monopole creation operator [15, 57] to the vacuum. We generate the configurations by varying the values of the magnetic charges of the monopole and anti-monopole. We then calculate the eigenvalues and eigenvectors of the Dirac operator of the overlap fermions using these configurations. The Dirac operator of the overlap fermions, which is defined in lattice gauge theory, preserves the exact chiral symmetry in the continuum limit [58] [59] [60] [61] [62] . We have attempted to show the quantitative relations between monopoles, instantons, and chiral symmetry breaking. We have already demonstrated the following results [57, [63] [64] [65] .
• The eigenstate of the monopole creation operator becomes a coherent state. The monopole creation operator makes only long monopole loops in the QCD vacuum, and the monopole loops become long with increasing values of the magnetic charges.
• The total number of instantons and anti-instantons is correctly estimated from the topological charges.
• The monopole of a magnetic charge +1 and the antimonopole of a magnetic charge -1 make one instanton or one anti-instanton.
• The additional monopoles and anti-monopoles do not change the vacuum structure and produce only the topological charges.
• In the study of the maximal Abelian gauge, the total physical length of the monopole loops is in direct proportion to the total number of instantons and antiinstantons.
• The added monopoles and anti-monopoles do not affect the distributions of the eigenvalues of the overlap Dirac operator, and these monopoles change only the scale parameter of the distributions of the eigenvalues. The chiral condensate decreases with increasing values of the magnetic charges (the chiral condensate is defined as a negative value). We obtain these results by comparing the numerical results with the predictions of random matrix theory [66] [67] [68] [69] .
• The preliminary results show that the quark masses become heavy by increasing the values of the magnetic charges.
It is apparent that the added monopoles and anti-monopoles are closely related to instantons and chiral symmetry breaking. These results, however, have been obtained using configurations with small lattice volumes (V = 14 4 ) and one value (β = 6.0000) of the parameter for the lattice spacing. We have already performed simulations using a larger lattice volume (V = 16 3 × 32, β = 6.0000); however, the numbers of statistical samples are not sufficient.
We have shown in two ways that the values of the chiral condensate, which is defined as having negative values, decrease when varying the magnetic charges of the added monopole and anti-monopole. However, we could not quantitatively explain this phenomenon.
In this study, we add a monopole and anti-monopole to a larger lattice volume (V = 18 3 × 32) and with a finer lattice spacing (β = 6.0522) than in our previous studies. The numbers of statistical samples for the observables are sufficiently high. We calculate the low-lying eigenvalues and eigenvectors of the overlap Dirac operator from these configurations [70] and estimate the catalytic effects of the monopoles and antimonopoles that we added.
The contents of this article are as follows: In section II, we generate configurations whereby we add the monopole and anti-monopole. To confirm that we successfully added the monopoles and anti-monopoles to the configurations, we calculated the monopole density and the length of the monopole loops from these configurations.
In section III, we calculate the number of zero modes, the total number of instantons and anti-instantons, and the instanton density using the eigenvalues of the overlap Dirac operator. We show the quantitative relations between monopoles and instantons using the calculations in Ref. [57] .
In section IV, we make predictions of the decay constants and the chiral condensate based on the models [41] [42] [43] [44] [45] to quantitatively explain why the decay constants increase and why the values of the chiral condensate decrease.
In section V, we calculate the pseudoscalar mass, pseudoscalar decay constant, and the chiral condensate from the correlation functions of the operators [71, 72] . We estimate the renormalization constants by non-perturbative calculations [72] [73] [74] [75] [76] [77] . We show that the numerical results correspond to the predictions.
In section VI, we calculate the normalization factors at the pion and kaon by matching the numerical results with the experimental results [71, 72] . We then re-estimate the decay constants and the chiral condensate considering the normalization factors. We estimate the catalytic effects of monopoles on the light quark masses and quantitatively explain why the light quark masses increase. Finally, we estimate the catalytic effects of monopoles on the decay width and the lifetime of the charged pion.
In section VII, we provide a summary and conclusions.
II. MONOPOLES
In this section, we first explain the monopole creation operator, which we use in this research. We then create monopoles and anti-monopoles in the configurations with varying magnetic charges. We measure the monopole density and the length of the monopole loops to confirm that the eigenstate of the creation operator becomes the coherent state and that the monopoles and anti-monopoles are correctly added in the configurations.
A. The monopole creation operator
In the present study, we extend the expression of the monopole creation operatorμ in SU(2) [15] to SU(3) [57] . That is defined as follows:
We adopt the plaquette action for the gauge fields. The monopole creation operator acts on the vacuum, and the original action S is slightly shifted to S + ∆S.
The indexes µ and ν indicate the 4-direction. This particular element Π i4 of the plaquette Π µν on the site (t, n) changes by the creation operator as follows:
The gauge links are indicated by U i (t, n). The index i indicates the spatial components 1, 2, 3, or x, y, z, and the 4th index indicates the time component t. The indexî indicates the unit vector in the i direction. The matrix M i is the configuration of the discretized fields. This is composed of the classical fields of the monopole A m i and the anti-monopole A am i as follows:
The matrix M † is defined as the Hermitian conjugate of the matrix M. The monopole fields A m i , which are centred at the static monopole in the Wu-Yang form [78] , are derived in the spherical coordinate system (r, θ , φ ) as follows:
λ 3 is the third component of the Gell-Mann matrices. We define the anti-monopole fields A am i as being generated by the magnetic charges, which are the opposite sign but same magnitude as the monopole; thus, the difference between the monopole fields and the anti-monopole fields is only the sign of the magnetic charges m c . We maintain a certain distance D and place the monopole at location x 1 and the anti-monopole at location x 2 . We set the time t = 16 to create the monopole and anti-monopole in the configurations. Periodic boundary condition are adopted for each boundary (the space components and the time component) of the lattice. We indicate the locations of the monopole and anti-monopole and the distance in Table I .
We vary both the magnetic charges of the monopole from 0 to 6 and the magnetic charges of the anti-monopole from 0 to -6. The magnetic charges are integers. The anti-monopole possesses the opposite charges of the monopole; thus, the total of the magnetic charges that are added to the configuration is zero. The magnetic charge m c indicates that both the monopole of the magnetic charge +m c and the anti-monopole of the magnetic charge −m c are added.
To check the consistency with the normal configurations, we generate the configurations of the magnetic charge m c = 0 and compare the numerical results.
The electric charge g e is the same as the gauge coupling constant g e = 6 β . We add both the electric charge and the magnetic charges to the configurations.
B. The simulation parameters
We generate the normal configurations and the configurations in which the classical fields of the monopole and antimonopole are added. The number of magnetic charges m c varies from 0 to 6. General methods, i.e., the heat bath algorithm and the over-relaxation method, are used. The lattice volume and the parameter β of the lattice spacing are V = 18 3 × 32 and β = 6.0522, respectively. (1) and a (2) . The lattice is V = 18 3 × 32, β = 6.0522. The number of iterations and the weight factor for the smearing are written as (n, α sm ). T /a indicates the temporal component of the Wilson loop, which we determine with the lattice spacing. FR indicates the fitting range. The analytic result is a = 8. First, we confirm the effects of the additional monopole and anti-monopole on the scale of the lattice by calculating the lattice spacing. The lattice spacing a (1) is estimated using the Sommer scale r 0 = 0.5 [fm], σ , and α. The parameters of σ and α are obtained by fitting the following function:
to the numerical results of the static potential V (R), which is computed from Wilson loops. The lattice spacing a (2) is determined using
To reduce the effects of excited states, we perform the smearing [79] to the gauge links of the spatial components. Moreover, we improve the spatial component R of the Wilson loop to R I using the Green function [80, 81] . The numerical results of the lattice spacing and the smearing parameters are shown in Table II . Table II shows that the additional monopoles and antimonopoles do not affect the lattice spacing, and the numerical results are reasonably consistent with the analytic results, which are calculated from formula [80] . Hereafter, we use the value of the lattice spacing a = 8.5274×10 −2 [fm] and the Sommer scale r 0 = 0.5 [fm].
C. The monopole density and the length of the monopole loops
To confirm whether we properly add the monopole and anti-monopole in the configurations, we detected the Abelian monopoles in the configurations. First, we iteratively transform the SU(3) matrix under the condition of the maximal Abelian gauge by using the simulated annealing algorithm. We perform 20 iterations to prevent the Gribov copies from influencing the numerical results. We then derive the Abelian monopole holding the U(1) × U(1) symmetry from the Abelian link variables by performing the Abelian projection to the SU(3) matrix [82] .
The monopole current k i µ in SU(3) [4, 53, 83] is defined on the dual site * n such that it satisfies the condition ∑ i k i µ ( * n) = 0 as follows:
The index i indicates the colour, and n i ρσ is defined as the number of Dirac strings that pierce through a plaquette on a plane defined by the directions ρ and σ . We adopt the normalization factor from Ref. [84] .
The monopole current satisfies the current conservation law ∇ * µ k i µ ( * n) = 0. Therefore, the monopole currents form the loops. The derivatives ∇ µ and ∇ * µ indicate the forward and backward derivatives on the lattice, respectively. The definition of the monopole density ρ m as a three-dimensional object is as follows [84] :
We count the numbers of the absolute values of the monopole currents that form the closed loops C [85] and define the length of the closed loops L m as a one-dimensional object as follows:
First, we put the monopole and anti-monopole at the centre of the lattice and confirm the dependence of the monopole density on the distance D by increasing the distance between the monopole and the anti-monopole and by varying the magnetic charge m c . If the monopole is placed the proper distance away from the anti-monopole, even if the distance is increased, the monopole density does not change.
We determine the distance D between the monopole and the anti-monopole as D = 9 (1.09 [fm] ). This distance is compatible with D = 8 (1.06 [fm]) in previous studies (V = 14 4 and V = 16 3 × 32, β = 6.0000) [57, 65] . We measure the monopole density and the length of the monopole loops to confirm whether the monopole and antimonopole are appropriately added in the configurations. We define the lengths of the monopole loops as L T m , L L m , and L S m , which indicate the total length of the loops, the longest loops, and the short loops, respectively. The short loops are defined as the remainder after the longest loops are subtracted from the total length. The computed results are given in Table III. As shown in Fig. 1 , the length of the longest loop L L m linearly increases with increasing magnetic charge m c ; however, the length of the short loops L S m does not change. This shows that the eigenstate of the monopole creation operator becomes the coherent state and produces only the long monopole loops in the configurations.
Hereafter, we do not transform the SU(3) matrix under a particular gauge condition, nor do we apply the Abelian projection on the gauge links of the non-Abelian.
III. ZERO MODES OF THE OVERLAP FERMIONS, INSTANTONS, AND MONOPOLES
In this section, we briefly explain the Dirac operator of the overlap fermions. We calculate the eigenvalues and eigenvectors of the overlap Dirac operator using the normal configurations and the configurations with the additional monopoles and anti-monopoles. The total number of instantons and antiinstantons in the configurations are estimated from the square of the topological charges. We show the quantitative relation between instantons and monopoles by comparing with our predictions.
A. Overlap fermions
In lattice gauge theory, chiral symmetry is expressed by the following Ginzburg-Wilson relation [58] :
The operator D denotes the Dirac operator of the overlap fermions that satisfy chiral symmetry [59] [60] [61] . The Dirac operator is defined by the Hermitian Wilson Dirac operator H W as follows:
The Hermitian Wilson Dirac operator H W is
The parameter ρ is a real-valued mass parameter. We set ρ = 1.4 [86] . The massless Wilson Dirac operator D W is defined as (A1).
The overlap Dirac operator is approximated by using the following sign function:
Finally, the overlap Dirac operator is derived as follows:
We construct the Wilson Dirac operator D W from the gauge links U n,µ of the SU(3) matrix and calculate the sign function by using the polynomial approximations. We then solve the eigenvalue problems D|ψ i = λ i |ψ i by using the subroutines (ARPACK) and retain 100 pairs of the low-lying eigenvalues and eigenvectors for one configuration. The index i indicates the number of pairs.
In this study, we use the numerical methods explained in Ref. [70] to calculate the overlap Dirac operator. We directly calculate the overlap Dirac operator from the gauge links of the non-Abelian without using the smearing method or the cooling method.
B. The zero modes, instantons, and monopoles
There are fermion zero modes in the spectra of the eigenvalues of the overlap Dirac operator. The number of zero modes of the positive chirality is n + , and the number of zero modes of the negative chirality is n − . The topological charge is defined as Q = n + − n − , and the topological susceptibility is calculated from the topological charges.
As mentioned in the previous study [57] , however, we have never detected the zero modes of the positive chirality and the zero modes of the negative chirality from the same configuration simultaneously. The zero modes that we observe in our simulations are the topological charges. Another group [87] has already reported similar results. We suppose that we cannot separately detect the zero modes of both the positive chirality and the negative chirality because of the effects of the finite lattice volume. The number of zero modes, which we observe in our simulations, is the absolute value of the topological charge N Z = |Q|. The total number of instantons and anti-instantons N I in the lattice volume V is analytically computed from the square of the topological charges Q 2 of the lattice volume V as follows [57, 87] :
The value O indicates the average value given by the sum of the samples divided by the number of configurations. The number density of the instantons and anti-instantons corresponds to the topological susceptibility.
The total number of instantons and anti-instantons of the normal configuration, which is calculated from formula (16) , is N I = 9.7(5). The number density of the instantons and antiinstantons of the normal configurations is
The number density ρ I of the instantons (or anti-instantons) computed in the instanton liquid model [88] 
. We suppose CP invariance; thus, the number density of the instantons and anti-instantons in the volume V is
The total number of instantons and anti-instantons in the physical volume V phys = 9.8582 (V = 18 3 × 32, β = 6.0522) is
These results are reasonably consistent with the analytical results (17) and N I = 9.7(5), respectively; therefore, we can properly calculate the total number of instantons and antiinstantons N I in the physical volume V phys from the topological charges Q using formula (16) . The total number of instantons and anti-instantons N Pre I (m c ) in the physical lattice volume V is predicted using the result (19) as follows:
To evaluate how many monopoles create instantons in the configurations, we fit the linear function N I (m c ) = Am c + B to the prediction and the numerical results of N I , as shown in Fig. 2 . The fitting results are as follows:
The fitting result of the intercept B is consistent with the prediction B Pre , the value of χ 2 /d.o. f . is 0.6, and the slope A is approximately 1. Moreover, we can analytically predict the numbers of zero modes N Pre Z , which are detected in our simulations, using the prediction (19) . The analytic formulas are given in appendix B of Ref. [57] (we give the analytic formulas for magnetic charges m c = 5 and 6 in appendix B).
We list the results of the number of zero modes N Z that we observed, the total number of instantons and anti-instantons N I , and instanton density N I V , as shown in Table IV . The predictions generated using the formulas in appendix B of Ref. [57] , appendix B, and (21) The distribution of the topological charges computed using the overlap Dirac operator in the quenched QCD becomes the following Gaussian distribution [69, 89] :
We have made the distribution function of the topological charges for each magnetic charge m c = 0 − 4 using formula (39) in Ref. [57] . We give the distribution functions (C3) -(C4) for the magnetic charges m c = 5 − 6 in appendix C. The distribution functions are composed of Gaussian distributions with the same fitting parameter δ 2 and the correction term O(V −1 ) as the distribution function (24) . We fit these distribution functions to the distributions of the topological charges. Table V indicates that the fitting results of δ 2 are compatible with each other, the correction terms O(V −1 ) are zero, and the values of χ 2 /d.o. f . are in the range from 0.6 to 1.5. Moreover, the fitting results of δ 2 of the configurations with the additional monopoles and anti-monopoles are reasonably consistent with the fitting results of the normal configurations. Therefore, the monopole creation operator adds the topological charges to the configurations without affecting the vacuum structure.
These results correspond to the results that we have already obtained [57] .
IV. PREDICTIONS OF THE CHIRAL CONDENSATE AND THE DECAY CONSTANTS
In previous studies [64, 65, 90] , we have shown that the values of the chiral condensate, which is defined as a negative value, decrease with increasing values of the magnetic charge m c . We found that the decay constants slightly increase with increasing values of the magnetic charge m c . However, we could not explain these results.
In this section, we make predictions for quantitatively explaining the decreases in the chiral condensate and increases in the decay constants based on the models concerning the instanton.
A. The predictions of the chiral condensate
The chiral condensate is calculated from the phenomenological models concerning the instanton [40] [41] [42] [43] [44] 91] . As an important consequence of these models, the value of the chiral condensate decreases in direct proportion to the square root of the number density of the instantons and anti-instantons.
To quantitatively compare the numerical results in the sections below, we first show the following consequence of the chiral condensate calculated from the model of the instanton vacuum [44] .
Second, the chiral condensate [41] is derived from the BanksCasher relation [92] and the low-lying eigenvalues of the Dirac operator as follows:
Here, we use the number density of the instantons and antiinstantons (18) . N c represents the number of colors. The average size of the instanton [88] is
Third, we estimate the chiral condensate in the chiral limit (m q → 0) using the Gell-Mann-Oakes-Renner (GMOR) relation [93] and the experimental results as follows:
Here, we suppose that the Partially Conserved Axial Current (PCAC) relation holds. We use the following result of the decay constant in the chiral limit calculated from the chiral perturbation theory [94] :
The experimental result of the average mass of the light quarks [95] is
The experimental result of the pion mass [95] is m Exp.
In the studies of lattice QCD using the overlap Dirac operator, the renormalization group invariant (RGI) scalar condensate ψψ MS into the MS-scheme at 2 [GeV] is computed from the scale parameter Σ in the random matrix theory [77] 
The scale is determined from the kaon decay constant. We have reported the following result of the RGI chiral condensate [64] into the MS-scheme at 2 [GeV] using the same methods as Ref. [77] .
The scale is the Sommer scale r 0 = 0.5 [fm]. It is important that these values (35) and (36) are the results in the continuum limit by the interpolations.
Moreover, the re-normalized chiral condensate [72] , which is estimated using the GMOR relation and the correlation functions of the operators, into the MS-scheme
The scale is determined using the experimental results of the decay constant and mass of the kaon. The result of the chiral condensate (26) computed from the phenomenological model corresponds to these results (31), (35) , (36) , and (37). This clearly shows that the chiral condensate can be properly calculated from the number density of the instantons and anti-instantons.
To quantitatively explain why the values of the chiral condensate decrease with increasing values of the magnetic charges m c , we derive the following relational expression between the chiral condensate and the magnetic charges m c using formula (25) ψψ
The total number of instantons and anti-instantons N Pre I (m c ) is (20) . This prediction indicates that the value of the chiral condensate decreases in direct proportion to the square root of the number density of the instanton and anti-instantons. Moreover, the chiral condensate decreases with increasing magnetic charge m c .
We calculate the chiral condensates ψψ Pre and ψψ Ins by substituting the values of Table IV for formula (38) . We list the predictions of the chiral condensate in Table VI .
B. The predictions of the decay constants
The decay constant of the pseudoscalar in the chiral limit F 0 (m c ), which is calculated using the configurations with the Normal conf -2.
additional monopoles and anti-monopoles, is derived from the number density of the instantons and anti-instantons (20) , the GMOR relation (30) , and the prediction of the chiral condensate (38) as follows:
The decay constant of the pseudoscalar in the chiral limit
Here, we use formula (39) and results (18), (29), (33), and (34). This result is clearly consistent with result (32) of the chiral perturbation theory. Therefore, we can properly predict the decay constant of the pseudoscalar in the chiral limit using formula (39) . The large errors of (40), however, come from the experimental result of the average mass of the light quarks. We do not consider the errors of the experimental results for convenience to compare the prediction with the numerical results. We substitute the instanton densities Table VII .
Additionally, the pion decay constant F π is calculated in the phenomenological model of the instanton vacuum [43] as follows:
The pion decay constant is F π = 98.82 [MeV] . Here, we use the values (18) and (29) . The experimental result [95] of the pion decay constant is
The result of the phenomenological model is reasonably consistent with the experimental result. It shows that we can calculate the pion decay constant from the number density of the instantons and anti-instantons.
V. THE PCAC RELATION, DECAY CONSTANTS, AND CHIRAL CONDENSATE
In this section, we calculate the correlation functions of the operators and estimate the re-normalized decay constants, the mass of the pseudoscalar meson, and the re-normalized chiral condensate. We inspect the increases in the decay constants and the decreases in the values of the chiral condensate by comparing the predictions with the numerical results. We then quantitatively describe our observations.
A. The correlation functions
We calculate the correlation functions of the operators using the pairs of the eigenvalues λ i and eigenvectors ψ i of the massless overlap Dirac operator D.
We use the technique [96, 97] for calculating the quark propagators. The advantages of this technique are that we do not need to solve the eigenvalue problems of the massive overlap Dirac operator for each bare quark mass, and the excited terms of the correlation functions are removed. Therefore, we can reduce the errors of the results and computing time. The validity of the results has already been shown in [96, 97] .
The quark propagator is defined from the spectral decomposition in the non-relativistic limit, similar to a quantum theory, as follows:
The eigenvalues λ mass i of the massive overlap Dirac operator D(m q ) are calculated from the eigenvalues λ i of the massless overlap Dirac operator D as follows:
The massive overlap Dirac operator D(m q ) [59, 60, 98] is defined as follows:
The parameterm q is the bare quark mass. In this study, we set the masses of the light quarksm ud andm sud composing the pion and kaon, respectively, as follows:
The quark bilinear operators of the scalar O S and the pseudoscalar O PS are defined as follows:
The operator of the axial vector current A µ is defined as follows: 
The anti-particle of the fermion in the overlap notation is
We use the notations and definitions of Ref. [98] . The correlation function of the scalar density is
Similarly, the correlation function of the pseudoscalar density is
We suppose that the field of the axial vector current A µ , which has zero momentum, is the stationary state at point ( x 2 ,t). We compute the correlation function between the partial derivative of the axial vector current and the pseudoscalar density as follows [73, 74] :
The partial derivative acts only on the axial vector current A µ as follows:
To reduce errors, we calculate the correlation functions between all spatial sites x and y, and moreover, we take the sum of the temporal sites x 0 [97] .
In the study of quenched QCD, the number of zero modes is not suppressed due to the lattice artefact of the finite volume. Such zero modes undesirably affect the PCAC relation near the chiral limit [72, 99, 100] . In particular, we want to precisely evaluate the catalytic effects of monopoles on the physical quantities near the chiral limit. To remove the undesirable effect near the chiral limit due to the zero modes, we subtract the scalar correlator C SS from the pseudoscalar correlator C PS . The definition of the correlation function [72, 99, 100] is as follows:
We vary the bare quark mass in the range 1.296 × 10 −2 ≤ am q ≤ 6.482 × 10 −2 in the lattice unit, corresponding to the range 30 [MeV] ≤m q ≤ 150 [MeV] in physical units. We calculate the correlation function (57) using the normal configurations and the configurations with the additional monopoles and anti-monopoles. The numbers of configurations that we use for the calculations of the correlation functions are listed in Table IV . We set a lower limit to the bare quark mass so that the relation m PS L s ≥ 2.4, which is derived from the limit m π L ≫ 1 of the p-expansion [94] , is satisfied. L s indicates the spatial length of the lattice in this study.
We suppose that the correlation function C PS−SS can be approximated by the following function [71] :
(58) We fit this function to the numerical results, obtain the coefficient a 4 G PS−SS and the pseudoscalar mass am PS , and evaluate the decay constants and the chiral condensate. We set the fitting range so that the fitting value of χ 2 /d.o. f . is approximately 1. The fitting results of the coefficient a 4 G PS−SS and the pseudoscalar mass am PS are given in Tables XXIV, XXV, XXVI, and XXVII in appendix D.
Moreover, to calculate the renormalization constant for the axial vector Z A , we calculate the ratio [71] of the correlation functions of C AP and C PS , which is defined as follows:
We suppose that the parameter aρ(∆t) becomes constant [72] . We fit the constant function aρ(∆t) = aC to the numerical results of the ratio (59) . The fitting results of aρ(∆t) are given in Table XXVIII Table IV .
B. The PCAC relation
We analyse the effects of the additional monopoles and antimonopoles on the PCAC relation by comparing the results calculated using the normal configurations and the configurations with the additional monopoles and anti-monopoles. We suppose that the PCAC relation [38] holds between the square of the pseudoscalar mass m 2 PS and the bare quark massm q as follows:
In this expression, the coefficient A is a constant number that includes the factor 2 derived from the equations 2m q = m i + m j . The subscripts i, j indicate the flavors of quarks. The bare quark massm q is defined as (46) and (47). Table VIII .
The chiral perturbation theory predicts that the logarithmic divergence near the chiral limit appears in the correlation between the square of the pseudoscalar mass and the bare quark mass [101] . Therefore, we investigate the logarithmic divergence in the range of the bare quark mass 10 [MeV] ≤m q ≤ 150 [MeV]; however, we have not observed the chiral logarithms.
We fit a linear function (am PS ) 2 = aA (1) am q + a 2 B to the numerical results of the square of the pseudoscalar mass (am PS ) 2 , as shown in Fig. 3 results of the intercept a 2 B are almost zero. Therefore, the additional monopoles and anti-monopoles do not affect the intercept a 2 B. To reduce the errors coming from the number of free parameters of the fitting, we suppose the direct proportion and fit the following function (am PS ) 2 = aA (2) am q to the numerical results. We do not vary the fitting ranges. The fitting results of the slope aA (2) and values of χ 2 /d.o. f . are listed in Table IX . The values of χ 2 /d.o. f . are from 0.9 to 1.7. Fig. 4 shows that the additional monopoles and anti-monopoles do not affect the values of the slopes A (1) and A (2) . In the sections below, we calculate the renormalization constant Z S for the scalar density and the light quark masses using the fitting results of the slope A (2) . As a consequence of this subsection, the fitting results of the slope and intercept indicate that the additional monopoles and anti-monopoles do not affect the PCAC relation. This result indicates that even if the average masses of the light quarks become heavy by increasing the values of the magnetic charges m c of the additional monopole and anti-monopole, formula (39) is unaffected because the PCAC relation holds.
C. The renormalization constants Z S and Z A First, we determine the renormalization constantẐ S for the scalar density by the non-perturbative calculations [76, 77] . , Normal conf (1) aA , Additional monopoles (1) aA , Normal conf (2) aA , Additional monopoles (2) aA FIG. 4. Comparisons of the fitting results of the slopes aA (1) and aA (2) . There is the relation [102] between the renormalization constant Z m for the bare quark massm q of the massive overlap Dirac operator (45) and the renormalization constantẐ S for the bare scalar density as follows:
We calculate the bare quark massm q r 0 at the reference mass (m PS r 0 ) 2 re f . = 1.5736 [76] of the kaon using the fitting results of the slope A (2) in Table IX . Here, we convert the scale in the lattice unit a into the physical scale using the Sommer scale r 0 = 0.5 [fm]. We then compute the renormalization constant Z S by substituting the computed results of the bare quark mass for the following formula:
The bare quark massm q r 0 and the renormalization constants Z S and Z m rely on the bare coupling g 0 . The factor U M is the renormalization group-invariant quark mass. We use the result U M = 0.181(6) from Ref. [76] . The results ofẐ S , which we calculate using the lattice V = 18 3 × 32, β = 6.0522, are given in Table X. To confirm our calculations, we set the same value of the parameter β = 6.0000 for the lattice spacing as from another group [77] and calculate the renormalization constantẐ S using the normal configurations. Our result isẐ S = 0.95(3) (V = 16 3 × 32, β = 6.0000). The numerical result of the group [77] isẐ S = 1.05(5) (V = 16 4 , β = 6.0000). Our result is approximately 10% smaller than the result of the other group [77] . We suppose that this is because we remove the excited states of the correlation functions.
Next, we calculate the renormalization constant Z A for the axial vector current using the following relation [72] :
The numerical results of the ratio aρ of the correlation functions are listed in Table XXVIII Table XI. Table XI indicates that the values of the intercept aB are very small, as mentioned in Ref. [103] . Finally, the renormalization constant Z A is calculated by taking the inverse of the fitting result of the slope A.
We list the computed results for Z A in Table X . The values of the renormalization constant Z A slightly increase with increasing magnetic charge m c . We suppose that this results from the effects of the finite lattice volume.
We compare our numerical result of Z A , which is calculated using the normal configurations (V = 16 3 × 32, β = 6.0000), with the computed results of other groups. Our result is Z A = 1.4247(4) (V = 16 3 × 32, β = 6.0000). The computed results by other groups are Z A = 1.55(4) (V = 16 3 × 32, β = 6.0000) [103] and Z A = 1.553(2) (V = 16 4 , β = 6.0000) [77] . Our result is approximately 8% smaller than the results of other groups. Therefore, we assume the same rationale as the computed result ofẐ S . In this subsection, we first calculate the decay constant F PS of the pseudoscalar using the fitting results of the correlation functions. We then quantitatively compare the numerical results of the decay constants with the predictions calculated from the number density of the instantons and anti-instantons in subsection IV B. We then show that the decay constants increase with increasing number density of the instantons and anti-instantons. The decay constant of the pseudoscalar F PS is defined as follows [72] :
In this notation, the pion decay constant is F π = 93 [MeV] . We calculate the decay constant aF PS using the fitting results of the coefficient a 4 G PS−SS and pseudoscalar mass am PS at the bare quark mass am q . The results of the decay constant aF PS , which are calculated using the normal configurations and the configurations with the additional monopoles and anti-monopoles, are given in Tables XXIV, XXV, XXVI, and XXVII in appendix D. Fig. 6 shows the correlation between the decay constant aF PS of the pseudoscalar and the square of the pseudoscalar mass (am PS ) 2 . This demonstrates that the logarithmic divergence does not appear near the chiral limit and that the decay constant aF PS linearly increases with increasing square mass (am PS ) 2 . These behaviours correspond to the features that are analogized from the SU(2) Lagrangian in the quenched chiral perturbation theory [104] .
In the studies of the overlap Dirac operator in quenched QCD, these features have already been mentioned by other groups [96, 105] . Therefore, we fit the following formula derived from the quenched chiral perturbation theory [104] to the numerical results:
The factor L q 5 is similar to a low-energy constant in the quenched chiral perturbation theory [104] . We suppose that the PCAC relation holds. Therefore, the decay constant F PS in the chiral limitm q → 0 corresponds to F 0 as follows:
The results of aF 0 and L q 5 obtained by fitting formula (65) are listed in Table XII . The fitting results of L q 5 are approximately 2.5 times larger than the result of another group [106] . This has been explained in the study using the overlap Dirac operator [96] . The fitting results demonstrate that the intercept aF 0 increases with increasing magnetic charge m c ; however, the slope L q 5 does not vary. To quantitatively demonstrate the reason for increasing the decay constants with increasing magnetic charge m c , we calculate the re-normalized decay constantsF 0 andF π . The renormalized decay constant of the pseudoscalar is defined as follows:F
The renormalization constants Z A are shown in Table X . First, we compare the computed result of the re-normalized decay constantF 0 with the results obtained by other groups.
The re-normalized decay constantF 0 of the normal configurations (V = 18 3 × 32, β = 6.0522) iŝ
The numerical results of the re-normalized decay constantŝ F, which are calculated in the ε-regime and the p-regime by other groups [96, 105] , are as follows:
• ε-regime (V = 16 4 , β = 6.0000)
• p-regime (V = 16 3 × 24, β = 6.0000)
• A weighted average computed from the results of ε-regime and p-regimê
Our result ofF 0 is slightly smaller than the results of other groups because the renormalization constant Z A is smaller than that of other groups, as mentioned in subsection V C.
To clearly show the difference, we calculate the renormalized decay constantF 0 using the normal configurations of the lattice volume V = 16 3 × 32 and the same value β = 6.0000 as Ref. [96] . If we use the renormalization constant Z A = 1.553(2) (β = 6.0000, V = 16 4 ) of Ref. [77] , our result isF 0 = 107.8(1.6) [MeV] (V = 16 3 × 32, β = 6.0000). This result is consistent with the computed results (69), (70) , and (71) of other groups. However, if we use the renormalization constant Z A = 1.4247(4) (β = 6.0000, V = 16 3 × 32), the decay constant isF 0 = 98.9(1.5) [MeV] (V = 16 3 × 32, β = 6.0000). This result corresponds to (68) .
These results indicate that we can correctly calculate the decay constant from the correlation functions. The numerical result (68), however, is approximately 15% larger than the result of the chiral perturbation theory (32) and the prediction (40) . The computed results of the re-normalized decay constantsF 0 are listed in Table XIII . Now, we compare the predictions F Pre To quantitatively compare the re-normalized decay constant of the numerical result with the prediction (39), we fit the following function:
The fitting results are A 1 = 0.53 (7) These results clearly show that the decay constantF 0 increases in direct proportion to the one-fourth root of the number density of the instantons and anti-instantons. The slope of the numerical calculations is consistent with the slope of the prediction (39) . However, the error of the slope A 1 obtained by fitting is more than 13%. Moreover, the numerical result (68) is larger than the result of the chiral perturbation theory (32) and the prediction (40) . Accordingly, we improve the computations in the next section.
Next, we substitute the fitting results of aF 0 , L q 5 , and the experimental result of the pion mass (34) for formula (65) . We estimate the re-normalized pion decay constantF π at the physical pion mass. The re-normalized pion decay constant F π calculated using the normal configurations iŝ
This result is consistent with the result F π = 98.82 [MeV] , which is computed in the phenomenological model [43] ; however, this value is approximately 10% larger than the experimental result (42) . We list the computed results of the renormalized decay constantsF π in Table XIII . These numerical results suggest that the re-normalized decay constantsF 0 andF π increase in direct proportion to the one-fourth root of the number density of the instantons and anti-instantons.
E. The chiral condensate
In this subsection, we compare the values of the renormalized chiral condensate into the MS-scheme at 2 [GeV], which are calculated from the correlation functions with the predictions that are calculated from the number density of the instantons and anti-instantons. The chiral condensate is derived from the GMOR relation (30) and formula (64) as follows:
We substitute the fitting results of a 4 G PS−SS and am PS at the bare quark mass am q for the second expression (75) and calculate the chiral condensate a 3 ψψ GMOR . We list the computed results of the chiral condensate calculated using the normal configurations and the configurations with the additional monopoles and anti-monopoles in Tables XXIV, XXV, XXVI, and XXVII in appendix D. Fig. 8 shows that there are no logarithmic divergences near the chiral limit and that the values of the chiral condensate a 3 ψψ GMOR linearly decrease with increasing square of the pseudoscalar mass (am PS ) 2 . Therefore, we interpolate the values of the chiral condensate in the chiral limit (am PS ) 2 → 0 by fitting the linear function
to the computed results. The fitting results of the slope aA, intercept a 3 B, and values of χ 2 /d.o. f . are given in Table XIV . We define the re-normalized chiral condensate into the MSscheme at 2 [GeV] as follows:
We use the valuem MS (µ)/M = 0.72076 (µ = 2 [GeV]) in Ref. [107] , the computed results of the renormalization constant Z S in Table X , and the renormalization constant Z A = 1.3822(5) of the normal configuration. We list the computed results of the re-normalized chiral condensate in Table XIV . The numerical result of the re-normalized chiral condensate in the MS-scheme at 2 [GeV] computed using the normal configuration is
This result is reasonably consistent with the results of the phenomenological models (26) and (28), the value derived using the experimental results (31) , and the result of the numerical computations by another group (37) . Therefore, we can correctly compute the re-normalized chiral condensate.
To quantitatively compare prediction (38) with the numerical results, we fit the following function to the computed results of ψψ GMOR MS , as shown in Fig. 9 :
The results obtained by fitting function (79) (38) . These results demonstrate that the value of the chiral condensate decreases in direct proportion to the square root of the number density of the instantons and anti-instantons. The proportionality constant of the numerical result is consistent with the result of the phenomenological model. The error of the slope A 1 , however, is more than 15%. Therefore, we improve the computational method in the next section.
VI. THE CATALYTIC EFFECTS OF MONOPOLES
We have quantitatively demonstrated that the decay constant of the pseudoscalar increases and that the values of the chiral condensate decrease when varying the magnetic charge.
There is no significant sense to directly compare the obtained results with the experimental results because the results are calculated in quenched QCD, and those results do not have any physical sense. We, however, want to show the catalytic effects of monopoles in QCD on observables.
In this section, we first determine the normalization factors by matching the numerical results with the experimental results of the pion and kaon. We then re-estimate the decay constants and the chiral condensate using the normalization factors. We suppose that the light quark masses become heavy by increasing the magnetic charge. Therefore, we estimate the catalytic effects of monopoles on the masses of the mesons and light quarks. Finally, we evaluate the catalytic effects of monopoles on the decay width and the lifetime of the charged pion using the computed results as the input values.
A. The normalization factors
When determining the scale of the lattice [72, 108] by matching the experimental results with the numerical results, we suppose that there is the possibility that the final results in physical units are overestimated or underestimated by multiplying or dividing by the surplus factor together with the lattice spacing. Therefore, we improve the calculation method in Refs. [72, 108] . We set the scale of the lattice to that analytically calculated (a = 8.5274 × 10 −2 [fm]). We match the numerical results of the decay constant aF PS and the square of the mass (am PS ) 2 with the experimental results of the pion and kaon and determine the normalization factors. First, we fit the linear function aF PS = a −1 A(am PS ) 2 + aB, which is defined without using chiral perturbation theory, to data points on the planes of aF PS and (am PS ) 2 , as shown in Fig. 10 We make two equations concerning the pion and kaon using the experimental results [95] as follows:
Exp. π ± = 92.277 139.57061 (80) aF PS = C Exp.
Exp. K ± = 110.11 493.677 (81) We do not consider the errors of the experimental results because they are much smaller than the errors of the numerical results. We plot these equations in Fig. 10 . We then analytically compute the intersections between the linear function obtained by fitting, equations (80) and (81).
We list the computed results of the intersections at pion (aF π PS , am π PS ) and kaon (aF K PS , am K PS ) in Table XVII . The normalization factors Z π and Z K for the pion and kaon are estimated using these results as follows:
• Z π for the pion
• Z K for the kaon
The intersections (aF π PS , am π PS ) and (aF K PS , am K PS ) of the normal configurations are used. The scale is the Sommer scale r 0 = 0.5 [fm]. These normalization factors are consistent within the errors.
The decay constants and the masses of the pion and kaon are properly estimated using the normalization factors Z π and Z K as follows:
• Kaon
These results of the normal configuration correspond to the experimental results.
We suppose that the normalization factors do not vary even if we vary the values of the magnetic charge because we numerically confirm that the lattice spacing and the renormalization constants do not vary. Therefore, we apply the normalization factors of the normal configuration to the results calculated using the configurations with the additional monopoles and anti-monopoles.
B. The catalytic effects of monopoles on the decay constant F 0
We use the results of aF 0 in Table XII obtained by fitting the function of chiral perturbation theory and re-evaluate the decay constant in the chiral limit using the normalization factor Z π as follows:
The result of the normal configuration is F Z 0 = 91(2). This value is 7% larger than our predicted value (40) . We list the computed results of F Z 0 using the normal configurations and the configurations with the additional monopoles and antimonopoles in Table XVIII .
[MeV] In the analysis of the decay constantF 0 andF π in subsection V D, we find that the decay constant increases in direct proportion to the one-fourth root of the instanton density. Therefore, we fit the following curve to the numerical result of the decay constant F Z 0 , as shown in Fig. 11 :
The fitting results are A 2 = 0.446(4) and χ 2 /d.o. f . = 3.0/7.0. The value χ 2 /d.o. f . is 0.4, and the slope A 2 is reasonably consistent with the slope A Pre = 0.4268 of prediction (39) . These results indicate that the decay constant increases in direct proportion to the one-fourth root of the number density of the instantons and anti-instantons. Fig. 12 shows that the decay constant F Z 0 increases with increasing magnetic charge m c ; thus, the decay constant increases with increasing numbers of monopoles and antimonopoles condensing in the QCD vacuum. The increase is consistent with the prediction.
C. The catalytic effects of monopoles on the chiral condensate Next, we redefine the chiral condensate derived using the slope aA of the PCAC relation and the decay constant F Z 0 as follows:
Here, we suppose the PCAC relation, and we use the following equation:
We calculate the chiral condensate a 3 ψψ Z by substituting the fitting results of the slope aA (2) in Table IX and the results of the decay constant aF Z 0 in Table XVIII for formula (86) . The re-normalized chiral condensates in the MS-scheme at 2 [GeV] are evaluated as follows:
We calculate the re-normalized chiral condensates in the MS-scheme at 2 [GeV] using the normal configurations and the configurations with the additional monopoles and antimonopoles and list the results in Table XV . We use the renormalization constant for the scalar density Z S = 0.93(3) of the normal configurations.
To examine whether the re-normalized chiral condensate is properly calculated, we compare the numerical result of the normal configuration with the predictions and the results of other groups. The re-normalized chiral condensate ψψ Z MS in the MS-scheme at 2 [GeV] calculated using the normal configurations is
This result corresponds to the result of the analytic computation (31) . The result is also consistent with the predictions of the normal configuration ψψ Pre Table VI . Moreover, it corresponds with the results of other groups (35) and (37) , which are calculated using the overlap Dirac operator.
In studies using the N f = 2 and N f = 2 + 1 dynamical fermions, research groups have reported the numerical results of the re-normalized chiral condensate in the MS-scheme at 2 [GeV] as follows [109] :
Our result (89) corresponds to these results.
Incidentally, we need to confirm the discretization effects on the results computed by formula (86) because we separate the lattice spacing and normalization factor and evaluate the chiral condensate. To analyse the effects of the discretization, we generate the configurations by setting the physical volume to V phys = 9.8582 [fm 4 ] (V = 16 3 × 32, β = 6.0000) and varying the lattice spacing and lattice volume. We estimate the chiral condensate in the continuum limit by interpolation. The result in the continuum limit of the re-normalized chiral condensate in the MS-scheme at 2 [GeV] is
These results perfectly correspond to result (89); thus, it shows that there are no effects of discretization. We will report this result [110] . These results demonstrate that we can adequately calculate the chiral condensate using the numerical results of the PCAC relation, the decay constant, and the normalization factors. In addition, we can adequately estimate the chiral condensate using the total number of instantons and anti-instantons, which we calculate from the topological charges.
In subsection V E, we find that the values of the chiral condensate decrease in direct proportion to the square root of the number density of the instantons and anti-instantons. We reestimate the decreases in the chiral condensate by fitting the following function, as shown in Fig. 13 .
The fitting results are A 2 = 0.478 (11) (38) .
In the phenomenological models of instantons [41, 44] , the average size of the instanton (29) is a free parameter, and it cannot be determined in the models. Therefore, there is a great need to confirm it via numerical calculations. We estimate it from the fitting result of the slope A 2 . The inverse of the average size of the instanton is
This result is reasonably consistent with the values in the models [88] . These results demonstrate that the re-normalized chiral condensate in the MS-scheme at 2 [GeV] decreases in direct proportion to the square root of the number density of the instantons and anti-instantons. The slope and the average size of the instanton reasonably correspond to the results of the phenomenological models [41, 44] . Fig. 14 shows the catalytic effects of the additional monopoles and anti-monopoles on the chiral condensate, and the numerical results of the re-normalized chiral condensate correspond to the predictions. Additionally, the values of the chiral condensate decrease with increasing magnetic charge m c ; thus, chiral symmetry breaking is induced with increasing numbers of monopoles and anti-monopoles condensing in the QCD vacuum.
To remove uncertainty coming from the renormalization constant and the normalization factor and to clearly show the decreases in the chiral condensate, we calculate the ratio between the chiral condensate of the normal configuration ψψ 0 and the chiral condensate of the configuration with the additional monopoles and anti-monopoles ψψ (m c ) as follows:
This ratio is derived from prediction (38) . The number of instantons and anti-instantons is N Pre I = 10.4138. We calculate the ratios R Pre χ and R Z χ using formula (92) and the numerical results of the chiral condensate ψψ Z MS , respectively. The computed results are given in Table XV . Fig. 15 clearly shows that the increase in the ratio R Z χ completely corresponds to the prediction R Pre χ .
D. The catalytic effects of monopoles on the decay constants and the masses of the light mesons
In this subsection, to illustrate the catalytic effects of monopoles on the decay constants and the masses of the pion and kaon, we estimate these decay constants and masses by matching the numerical results with the experimental results.
First, we obtain the linear functions by fitting the function aF PS = a −1 A(am PS ) 2 + aB to the computed results of aF PS and (am PS ) 2 using the configurations with the additional monopoles and anti-monopoles, as shown in Fig. 16 . The fitting results are shown in Table XVI We then calculate the intersections between the linear functions obtained by fitting, the equations (80), and (81) . We list the intersections in Table XVII . The decay constants and the masses of the pion and the kaon are estimated using the inter- sections, the normalization factors Z π , and Z K . 
90 (2) 92 (2) 110 (4) 1.02(3) 1.19 (5) 1 93 (2) 95 (2) 113 (4) 1.02(3) 1.20 (5) 2 96 (2) 97 (2) 117 (4) 1.02(2) 1.20 (5) 3 97 (2) 99 (2) 119 (4) The computed results of the decay constants of the pion and kaon and the ratios of the decay constants are given in Table XVIII . Figs. 17 show that the decay constants F Z π and F Z K increase with increasing magnetic charge m c , whereas the ratio of the decay constants m c R Pre To clearly show the increases in the decay constants, we calculate the ratios R F PS of the decay constants of the configurations with the additional monopoles and anti-monopoles to the normal configuration. Similar to the consideration of the ratios R Pre χ of the chiral condensates, we predict the ratios R F PS of the decay constants using the formula (39) as follows:
In calculating these ratios, the normalization factors cancel out. We calculate these ratios using the numerical results of aF 0 in Table XII and the analytical results of aF π PS and aF K PS in Table XVII . The computed results of the ratios are listed in Table XIX . Fig. 18 clearly shows that the numerical results are consistent with the prediction R Pre χ We suppose that the masses of the light quarks become heavy with increasing magnetic charge m c , and the increases in the ratios of the light quark masses are as much as the increases in the ratio of the chiral condensates R χ . We evaluate the average mass of the light quarksm ud , which is composed of up and down quarks, and the strange quark mass m s . The average mass of the light quarksm Z ud is estimated from the PCAC relation concerning the pion as follows:
The mass of the strange quark am Z s is estimated from the PCAC relation concerning the kaon as follows:
We use the fitting results of the slope A (2) in Table IX . The re-normalized masses of the light quarks in the MS-scheme at 2 [GeV] are evaluated by the following formula:
We use the renormalization constant of the normal configurations Z S = 0.93 (3) . The re-normalized masses of the light quarks in the MS-scheme at 2 [GeV], which are calculated using the normal configurations, arê
In this study, we estimate the light quark masses using the normalization factors, which are calculated by matching the numerical results with the experimental results. Therefore, to analyse the effects of the discretization on the computed results of the masses of the light quarks, we estimate the quark masses in the continuum limit via interpolation.
The re-normalized average mass of the light quarksm MS ud in the MS-scheme at 2 [GeV] in the continuum limit iŝ 
The re-normalized mass of the strange quarkm MS s in the MSscheme at 2 [GeV] in the continuum limit iŝ
These results are entirely consistent with the computed results of the normal configuration (98) and (99) . Moreover, these are consistent with the experimental resultsm 
This result is 12% smaller than the experimental result [95] m s m ud = 27.3(7). However, this numerical result is consistent with the estimations of the chiral perturbation theory [111, 112] . We obtain these results without using any consequences of the chiral perturbation theory; thus, we adequately calculate the light quark masses. We will report these results [110] .
We evaluate the re-normalized masses of the light quarks in the MS-scheme at 2 [GeV] using the normal configurations 111 (9) 24 ( 121 (10) 24 (2) and the configurations with the additional monopoles and antimonopoles, and we list the computed results in Table XXI . We suppose that the increases in the light quark masses by varying the magnetic charge m c correspond to the increase in the ratio of the chiral condensates. This assumption comes from the Nambu-Jona-Lasinio model [32] [33] [34] , which explains how the fermion obtains its mass due to the breaking of the chiral symmetry.
To quantitatively demonstrate the increases in the masses of the light quarks, we predict the increases using the ratio of the chiral condensates R Pre χ as follows:
These predictions of the light quark masses compared to the numerical results are given in Table XXI . [MeV] [95] .
To clearly show the increases in the light quark masses, we evaluate the following mass ratios:
The quark masses m 0 q are calculated using the normal configurations. The quark masses m q (m c ) are computed using the configurations with the additional monopoles and antimonopoles. Table XXII indicates that the numerical results of the ratios of each magnetic charge m c correspond to the prediction R Pre χ . The errors of the ratio R m s are large because the normalization factors Z π and Z K in formula (96) do not cancel out. Fig. 22 demonstrates that the increases in the ratios Rm ud and Rm sud correspond to the increase in the prediction R Pre χ . Finally, we derive the following ratios:
of the pseudoscalar masses m PS from the PCAC relation. The pseudoscalar masses m PS (m c ) are calculated using the configurations with the additional monopoles and anti-monopoles. The pseudoscalar masses m 0 PS are calculated using the normal configurations.
We calculate the mass ratios R m PS using the intersections am π PS for the pion and am K PS for the kaon in Table XVII . The computed results of the mass ratios R m PS are given in Table XIX. Fig. 23 demonstrates that the mass ratios of the numerical results correspond to the square root of the prediction A charged pion π ± decays to a lepton l ± (an electron e or a muon µ) and a neutrino ν l as follows:
These decays are induced by the weak interaction, and the decay width of the charged pion is derived [37] as follows:
This formula indicates that the decay width is proportional to the mass of the lepton. The experimental result of the electron mass [95] 
/m
Exp. µ = 4.83633170(11) × 10 −3 . Therefore, over 99 % of the charged pions decay to the muon; thus, the branching ratio of the charged pions, which decay to the muons, is almost 100%. We suppose that monopoles do not affect the masses of the leptons. We estimate the total decay width of the charged pion from the partial decay width, where the charged pion decays to the muon.
The decay width of the charged pion, which is estimated by substituting the experimental results for formula (107) , is
The Dirac constant ish = 6.582119514 ( because the branching ratio of the charged pions, which decay to muons, is almost 100%. The lifetime of the charged pion is
The experimental lifetime of the charged pion [95] is
The difference between the experimental result and the result of the theoretical calculations is less than 1.8%. Therefore, we can derive the lifetime of the charged pion using the formula (107) . The decay width of the charged pion, which is estimated from the experimental lifetime [95] , is
The decay width, which is estimated using the numerical results of the pion decay constant F Z π and the pion mass m Z π of the normal configuration as the input values, is
Similarly, the lifetime is
These results are consistent with the results of the theoretical calculations and experiments. Therefore, we can correctly estimate the decay width and lifetime of the charged pion using formula (107) and the numerical results of F Z π and m Z π . Finally, we substitute the numerical results of F Z π and m Z π , which are calculated using the configurations with the additional monopoles and anti-monopoles, for formula (107) and estimate the catalytic effects of these monopoles on the decay width and lifetime of the charged pion. The numerical results of F Z π and m Z π are given in Tables XVIII and XX, respectively. In subsection V D, we have shown that the decay constant of the pseudoscalar increases with increasing magnetic charge m c without using any experimental results as the input values. Therefore, first, we estimate the catalytic effects of the additional monopoles and anti-monopoles on the decay width Γ(F π ) and lifetime τ(F π ) considering only the increase in the pion decay constant. Second, we estimate the catalytic effects on the decay width Γ and lifetime τ considering the increases in both the pion decay constants and the pion mass. The computed results of the decay width and lifetime of the charged pion are shown in Table XXIII .
Table XXIII quantitatively shows that the decay width Γ(F π ) becomes +24% wider and that the decay width Γ becomes +125% wider when varying the magnetic charge m c from 0 to 6. Similarly, the lifetime τ(F π ) becomes -20% shorter, and the lifetime τ becomes -54% shorter when varying the magnetic charge m c from 0 to 6. Finally, Fig. 24 clearly shows that the decay width of the charged pion increases with increasing magnetic charge m c . Similarly, Fig. 25 conclusively indicates that the lifetime of the charged pion becomes short with increasing magnetic charge m c . These are the catalytic effects of monopoles on the decay width and lifetime of the charged pion.
VII. SUMMARY AND CONCLUSIONS
We have performed numerical computations to inspect the catalytic effects of monopoles in QCD on observables. To carefully check the catalytic effects, in this research, we added monopoles and anti-monopoles to the configurations with larger lattice volumes and finer lattice spacings than in the previous study. We prepared normal settings and settings in which the monopoles and anti-monopoles were added; then, we observed the catalytic effects of monopoles by calculating the physical quantities using these settings. First, we have shown that the additional monopole and antimonopole do not affect the scale of the lattice when calculating the lattice spacing. We then calculated the monopole density and measured the length of the monopole loops. We have shown that the monopole density increases and that the physical length of the monopole loops becomes linearly extended when increasing the values of the magnetic charges. These results indicate that the eigenstate of the monopole creation operator becomes the coherent state and that the monopole creation operator makes only the long monopole loops, which are the crucial elements for the mechanism of colour confinement.
Next, we calculated the eigenvalues and eigenvectors of the overlap Dirac operator using these configurations. We analytically estimated the total number of instantons and anti-instantons from the values of the topological charges. We have quantitatively shown that the monopole with magnetic charge m c = 1 and the anti-monopole with magnetic charge m c = −1 produce one instanton or one anti-instanton. Moreover, we have shown that the monopole creation operator creates the topological charges without affecting the vacuum structure by comparing the distributions of the topological charges with the predictions of the distribution functions.
These results are consistent with the results obtained in previous research [57] .
In previous research [64, 65, 90] , we have already shown that the values of the chiral condensate decrease and that the decay constants slightly increase with increasing magnetic charge; however, we have not explained why. In this research, we made predictions to quantitatively explain the decrease in the values of the chiral condensate and the increase in the decay constants.
We evaluated the re-normalized decay constants and the re-normalized chiral condensate by calculating the correlation functions of the scalar density and pseudoscalar density. We directly compared these numerical results with the predictions. We found that the values of the chiral condensate decrease in direct proportion to the square root of the number density of the instantons and anti-instantons. Moreover, the decay constant of the pseudoscalar increases in direct proportion to the one-fourth root of the number density of the instantons and anti-instantons. These results correspond to our predictions and the consequences of the phenomenological models of instantons.
The purpose of this research is to clearly show the catalytic effects of QCD monopoles on physical quantities, which are measured experimentally. However, it is difficult to directly determine the decay constants of the pion and kaon or the masses of those only through numerical calculations in quenched QCD without using the results of the chiral perturbation theory or the experimental results.
Therefore, we matched the numerical results of the decay constant and the square of the pseudoscalar mass with the experimental results of the pion and kaon and determined the normalization factors. We recomputed the physical quantities using these normalization factors. We have confirmed that the increases in the decay constant in the chiral limit and the decreases in the re-normalized chiral condensate are consistent with the predictions. We have clearly shown that the decay constants of the pion and kaon are larger than the experimental results and that the masses of the pion, kaon, and light quarks become heavier than those when increasing the magnetic charge.
To quantitatively evaluate the decreases and increases in the physical quantities, we calculated the ratios of the computed results of the configuration with the additional monopoles and anti-monopoles to the computed results under the standard setting. We have demonstrated that the increase in the ratio of the chiral condensates when increasing the magnetic charge m c accords with the prediction indicates the total number of instantons and antiinstantons in the physical lattice volume V phys .
We found that the mass ratios Rm q of the light quarks are consistent with the prediction R Pre χ . Additionally, the ratios of the decay constants R F PS and the mass ratios of the mesons R m PS are consistent with the square root of the prediction
Finally, we estimated the decay width and lifetime of the charged pion using the numerical results of the pion decay constant and the pion mass as the input values. We have demonstrated that the decay width of the charged pion becomes wider than the experimental result and that the lifetime of the charged pion becomes shorter with increasing magnetic charge.
These are the catalytic effects of the Adriano monopole on the physical observables that we have found in this research.
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is given by δ , and the total number of instantons and antiinstantons is N in the expressions below. Here, we briefly derive the distribution functions of the topological charges P(Q + m c ). We define the following distribution function for the magnetic charge k:
The distribution functions p 0 (Q ± k) are defined by the Gaussian distribution functions as follows: 
For m c = 6, P(Q + 6) = 1 2 6 p 1 (Q + 6) + 
